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THE TRACE OF MODULAR FORMS
AND ITS APPLICATION TO NUMBER THEORY
NORIFUMI OJIRO
Abstract. We provide a generalization of an algebraic linear combi-
nation for the trace of certain elliptic modular forms, and through spe-
cializing the expression at a suitable pair consisting of an elliptic curve
over algebraic number fields and its a certain cyclic subgroup with finite
order, show a formula between distinct algebraic number fields, the one
related to modular forms and the other related to elliptic curves.
1. Introduction
It is classically known that elliptic modular functions play interesting roles
in number theory such as some important results for algebraic number fields
are explicitly described by using these special values. Similarly for elliptic
modular forms, its an application to number theory is mentioned as below.
First let us explain necessary terms in brief. Every element α of a sub-
group GL+2 (R) of GL2(R) consisting of all matrices with positive determi-
nant, acts on a meromorphic function h on the complex upper half plane H
as follows:
h(z) |m α = det(α)m/2h(α z)j(α, z)m ,
where m is an integer, by αz we mean the linear fractional transformation
on H, and put the factor of automorphy as j(α, z) = (cz + d)−1 for the
second row (c, d) of α.
Let k, l and N be positive integers and always assume N so throughout
the present paper. We deal with a discrete group defined by
Γ0(N) =
{(
a b
c d
)
∈ SL2(Z)
∣∣∣∣ c ≡ 0 (mod N)
}
.
Then Sk(Γ0(N)) and Gk(Γ0(N)) denote the C-linear spaces consisting of all
cusp forms and holomorphic modular forms of weight k for Γ0(N), respec-
tively, and Sk(Γ0(N)) is furnished with the Petersson inner product 〈∗, ∗〉.
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for any f ∈ Sk(Γ0(N)) and positive divisorM of N , we consider the trace
of f to level M defined by
TrNM (f) =
∑
γ∈Γ0(N)\Γ0(M)
f |k γ ∈ Sk(Γ0(M)),
and for a positive integer λ with λ > 2, take the following Eisenstein series
Eλ,N (z) =
∑
γ∈Γ∞\Γ0(N)
j(γ, z)λ ∈ Gλ(Γ0(N)),
where Γ∞ is a subgroup of Γ0(N) consisting of all elements fixing the point
at infinity, namely
Γ∞ =
{
±
(
1 n
0 1
)∣∣∣∣n ∈ Z
}
.
for any f ∈ Sk(Γ0(N)) and g ∈ Gl(Γ0(N)), the associated zeta function is
given by the series
D(s, f, g) =
∞∑
n=1
cn(f)cn(g)n
−s for any s ∈ C,
where cn(f) and cn(g) are the n-th Fourier coefficient of f and g, respectively.
Then the starting point of the paper is the following.
Theorem 1.1 (cf. [DHM, Theorem]). Let k, l, λ and µ be positive integers
with k = l + λ and λ > 2. for any g ∈ Sl(Γ0(N)), we have
(1) TrN1 ((gEλ,N )
µ) = c1
r∑
i=1
D(kµ − 1, fi, gµEµ−1λ,N )
pikµ〈fi, fi〉 fi,
where c1 = 3 · 4−(kµ−1)(kµ − 2)! and {f1, · · · , fr} is a unique basis of
Skµ(SL2(Z)) consisting of primitive forms.
When we take the above g as all the Fourier coefficients belong to Q,
by [Sh76, Theorem 3] see that each coefficient of the right-hand side of the
equation (1) belongs to the Hecke field Qfi that is the algebraic number field
generated by adding all coefficients of fi to Q. That is, the equation (1) is a
linear combination with algebraic coefficients for the trace of modular forms
to level 1.
On the other hand, the transformation polynomial for gEλ,N ∈ Sk(Γ0(N))
to level 1 is defined by
ΦN1 (X; gEλ,N ) =
∏
γ∈Γ0(N)\SL2(Z)
(X − gEλ,N |k γ) =
µN∑
i=0
(−1)isi(gEλ,N )XµN−i.
Here µN = [SL2(Z) : Γ0(N)] is the index of Γ0(N) in SL2(Z), and the
coefficient si(gEλ,N ) is the elementary symmetric polynomial of degree i
with respect to {gEλ,N |k γ ; γ ∈ Γ0(N)\SL2(Z)}; it belongs to Ski(SL2(Z)).
Let EQ be an elliptic curve over Q given by a Weierstrass equation and
C/L the corresponding complex torus with L = Zω1+Zω2 and ω1/ω2 ∈ H.
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Then we define the specialization of f ∈ Skµ(SL2(Z)) and ΦN1 (X; gEλ,N ) at
EQ as follows:
f(EQ) = (2pi/ω2)
kµf(ω1/ω2),
ΦN1 (X; gEλ,N ,EQ) =
µN∑
i=0
(−1)i(2pi/ω2)kisi(gEλ,N )(ω1/ω2)XµN−i.
As it will see later, the specialized polynomial ΦN1 (X; gEλ,N ,EQ) belongs
to Q[X] and we may choose g, EQ as it is irreducible over Q (cf. Re-
marks 4.4 and 4.8). Moreover, we assume that Skµ(SL2(Z)) is spaned by all
Aut(C)-conjugates of an element f of {f1, · · · , fr}. Then it was suggested
by [DHM] that a nontrivial equality between distinct algebraic number fields
is obtained by specializing the equation (1) at EQ:
TrQN/Q
{
(2pi/ω2)
kgEλ,N (ω1/ω2)
}µ
(2)
= c1TrQf/Q
{
D(kµ − 1, f, gµEµ−1λ,N )
pikµ〈f, f〉 (2pi/ω2)
kµf(ω1/ω2)
}
,
where QN is an algebraic number field associated with the J-invariant of
EQ, namely
QN = Q(J(ω1/ω2), J(Nω1/ω2)).
We may interpret the formula (2) as an equation which bridges the gap
between the fields QN related to elliptic curves and Qf related to modular
forms via the trace to Q, where note that QN is independent of µ, although
Qf depends on it. Meanwhile, by the equations (1) and (2), we see that all
coefficients of the transformation polynomial ΦN1 (X; gEλ,N ) and its special-
ization ΦN1 (X; gEλ,N ,EQ) are expressed by using the special values of the
associated zeta functions.
Now, an aim of the paper is to show a generalization of the equation (1)
to the case of the trace of cusp forms with a Dirichlet character to higher
levels (cf. Theorem 3.1). This objective is achieved by using the constant
of each space of cusp forms uniquely determined by applying Atkin-Lehner
theory. Another aim is to generalize the formula (2) as application of our
result (cf. Corollary 4.6), and to derive the formula (2) as a special case (cf.
Corollary 4.10). In more detail, for modular forms with a Dirichlet character
and suitable algebraic Fourier coefficients, we obtain a near formula to the
formula (2) by specializing the generalized equation at a pair consisting of
an elliptic curve over the algebraic number fields and its a certain cyclic
subgroup with finite order.
Notation. We mean i as
√−1, and denote by z, |z|, Re(z) and Im(z) the
complex conjugate, the absolute value, the real part and the imaginary part
of a complex number z, respectively. For two positive integers M and N ,
the relation M | N means that M divides N . For two number fields F and
K, we denote the composite field of F and K by FK.
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2. Preliminaries
Let k, l be positive integers and χ, ψ Dirichlet characters modulo N .
Then Sk(Γ0(N), χ) and Gk(Γ0(N), χ) denote the C-linear spaces consisiting
of all cusp forms and holomorphic modular forms with χ of weight k for
Γ0(N), respectively, that is, those every element g(z) satisfies the following
condition:
g |k γ = χ(γ)g for any γ =
(
a b
c d
)
∈ Γ0(N), where put χ(γ) = χ(d).
As basic rules, by χψ and χ we denote χψ(γ) = χ(γ)ψ(γ) and χ(γ) = χ(γ)
for any γ ∈ Γ0(N), then note that χχ is trivial (i.e. χχ(γ) = 1).
For any f(z) ∈ Sk(Γ0(N), χ) and g(z) ∈ Gl(Γ0(N), ψ), whose Fourier
expansions written as follows:
f(z) =
∞∑
n=1
cn(f) exp(2piinz), g(z) =
∞∑
n=0
cn(g) exp(2piinz).
The associated Rankin-Selberg zeta function is defined by
D(s, f, g) =
∞∑
n=1
cn(f)cn(g)n
−s for any s ∈ C.
For any integer λ and complex number s, we define the following series
Eλ,N (z, s, χ) =
∑
γ∈Γ∞\Γ0(N)
χ(γ)j(γ, z)λ|j(γ, z)|2s for any z ∈ H.
If λ, s satisfy λ+Re(2s) > 2, the series absolutely and uniformly converges
on H. In particular, Eλ,N (z, 0, χ) with λ > 2 belongs to Gλ(Γ0(N), χ) and
is called the Eisensten series. We simply denote Eλ,N (z, 0, χ) by Eλ,N,χ(z),
furthermore Eλ,N (z) whenever χ is trivial.
We put fρ(z) = f(−z). Then it is easy to see that fρ belongs to
Sk(Γ0(N), χ) and its Fourier coefficient is expressed by cn(f) for any positive
integer n. These notions are mutually connected on the following.
Lemma 2.1. Let k, l be positive integers. for any f ∈ Sk(Γ0(N), χ) and
g ∈ Sl(Γ0(N), ψ), the zeta function D(s, f, g) is expressed by an integral:
(4pi)−sΓ(s)D(s, f, g)
=
∫
Γ0(N)\H
fρ(z)g(z)Ek−l,N (z, s + 1− k, χψ)(Im(z))s+1dv(z),
where dv(z) is a GL+2 (R)-invariant measure on H defined by dv(z) = y
−2dxdy
for all z = x+ i y ∈ H and Γ is the gamma function.
Proof. Since fρ and g are holomorphic on H, these Fourier expansions are
termwise integrable for x from 0 to 1. Hence we have∫ 1
0
fρ(z)g(z)dx =
∞∑
n=1
∞∑
m=0
cn(f)cm(g) exp(−2pi(n +m)y)
∫ 1
0
exp(2pii(−n +m)x)dx
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=
∞∑
n=1
cn(f)cn(g) exp(−4piny).
For any s ∈ C and t ∈ R with t > 1, the series∑∞n=1 cn(f)cn(g)ys−1 exp(−4piny)
absolutely and uniformly converges on t−1 ≤ y ≤ t. Therefore we have∫ t
t−1
ys−1
∫ 1
0
fρ(z)g(z)dxdy =
∞∑
n=1
cn(f)cn(g)
∫ t
t−1
ys−1 exp(−4piny)dy.
After a simple change of variable, by taking t to ∞, we have the following∫ ∞
0
ys−1
∫ 1
0
fρ(z)g(z)dxdy = (4pi)−sΓ(s)D(s, f, g).
Furthermore, by the disjoint partition Γ∞\H =
⊔
γ∈Γ∞\Γ0(N)
γ · (Γ0(N)\H),
the left-side hand of the above equation is transformed as follows:∫ ∞
0
ys−1
∫ 1
0
fρ(z)g(z)dxdy =
∫
Γ∞\H
ys+1fρ(z)g(z)dv(z)
=
∑
γ∈Γ∞\Γ0(N)
∫
Γ0(N)\H
fρ(γz′)g(γz′)(Im(γz′))s+1d(γz′)
=
∫
Γ0(N)\H
∑
γ∈Γ∞\Γ0(N)
fρ(γz′)g(γz′)j(γ, z′)
s+1
j(γ, z′)s+1(Im(z′))s+1dv(z′)
=
∫
Γ0(N)\H
fρ(z′)g(z′)
∑
γ∈Γ∞\Γ0(N)
χ(γ)ψ(γ)j(γ, z′)k−l|j(γ, z′)|2(s+1−k)(Im(z′))s+1dv(z′)
=
∫
Γ0(N)\H
fρ(z)g(z)Ek−l,N (z, s + 1− k, χψ)(Im(z))s+1dv(z).
This completes the proof. 
Let f , g be elements of Sk(Γ0(N), χ). The following gives a complex inner
product on Sk(Γ0(N), χ) and is referred to as the Petersson inner product:
〈f, g〉 = v(Γ0(N)\H)−1
∫
Γ0(N)\H
f(z)g(z)(Im(z))kdv(z).
Remark 2.2. On Lemma 2.1, suppose that s+ 1− k = 0, k − l > 2 and χ
is trivial. Then, since gEk−l,N,ψ ∈ Sk(Γ0(N)), we have
(4pi)−(k−1)Γ(k − 1)D(k − 1, f, g) =
∫
Γ0(N)\H
fρ(z)g(z)Ek−l,N,ψ(z)(Im(z))
kdv(z)
= v(Γ0(N)\H)〈gEk−l,N,ψ , fρ〉.
Therefore D(k − 1, f, g) is meaningful.
Let t be a positive integer. We deal with two linear operators as follows:
Sk(Γ0(N), χ) ∋ f 7−→ f |k Bt ∈ Sk(Γ0(Nt), χ) for Bt =
(
t 0
0 1
)
,
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Sk(Γ0(N), χ) ∋ f 7−→ f |k ωN ∈ Sk(Γ0(N), χ) for ωN =
(
0 −1
N 0
)
.
We define the subspace of Sk(Γ0(N), χ) consisting of oldforms by
Soldk (Γ0(N), χ) =
∑
cχ|M |N
M 6=N
∑
1≤t | (N/M)
Sk(Γ0(M), χ) |k Bt,
where cχ is the conductor of χ, and then the subspace of newforms is defined
as its orthogonal complement with respect to the Petersson inner product:
Snewk (Γ0(N), χ) =
{
f ∈ Sk(Γ0(N), χ)
∣∣∣ 〈f, g〉 = 0 for any g ∈ Soldk (Γ0(N), χ)} .
Definition 2.3. Let M a positive divisor of N and χ a Dirichlet character
modulo M . The following linear operator descending the levels of modular
forms is called the trace operator:
TrNM : Sk(Γ0(N), χ) −→ Sk(Γ0(M), χ) as f 7−→
∑
γ∈Γ0(N)\Γ0(M)
χ(γ)f |k γ.
For any positive integer L with M | L | N , it is easy to see that
TrNM = Tr
L
M ◦ TrNL ,
that is, the trace operator is independent of the choice of intermediate level.
The following two Lemmas are elementary, especially the latter gives the
characterization of newforms in terms of the trace operator.
Lemma 2.4 (cf. [Li75, Lemma 6]). Suppose that f ∈ Sk(Γ0(N), χ) and q
is a prime dividing N/cχ. For any positive integer d with gcd(d, q) = 1,
TrNdNd/q(f |k Bd) = TrNN/q(f) |k Bd.
Lemma 2.5 (cf. [Li75, Theorem 4]). Suppose that f ∈ Sk(Γ0(N), χ). Then
f belongs to Snewk (Γ0(N), χ) if and only if for any prime q dividing N/cχ,
TrNN/q(f) = 0 = Tr
N
N/q(f |k ωN ).
We call f(z) =
∑∞
n=1 cn(f) exp(2piinz) ∈ Snewk (Γ0(N), χ) is a primi-
tive form or primitive at level N if it is normalized as c1(f) = 1 and
is a Hecke eigenform, namely f is a common eigenfunction with respect
to all Hecke operators T (n) for any positive integer n. As is well-known,
Sk(Γ0(N), χ) has a basis consisting of Hecke eigenforms outside N (i.e. those
are Hecke eigenforms for any positive integer n with gcd(n,N)=1), and more-
over Snewk (Γ0(N), χ) has a unique basis consisting of primitive forms.
Meanwhile, if two nonzero Hecke eigenforms outside N of Snewk (Γ0(N), χ)
have the same eigenvalues, they are equal without a constant multiple. This
statement is said to the multiplicity one property of newforms. More elabo-
rately, the following assertion holds:
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Proposition 2.6 (Strong Multiplicity One Theorem). We define a subset
of Sk(Γ0(N), χ) as follows:
Sk(Γ0(N), χ) = {f ∈ Sk(Γ0(N), χ) | f is a Hecke eigenform outside N} .
For any f , g ∈ Sk(Γ0(N), χ), we say that f and g are equivalent if they
have the same eigenvalues outside N . Then for each f ∈ Sk(Γ0(N), χ),
there exist a unique positive integer M (i.e. the conductor of f)
and primitive form f◦ ∈ Snewk (Γ0(M), χ) as cχ | M | N and f◦ is
equivalent to f , and moreover f is uniquely expressed as follows:
f =
∑
1≤t|(N/M)
ctf
◦ |k Bt for some ct ∈ C.
Proof. See [Mi06, Lemmas 4.6.2, 4.6.9 and Theorems 4.6.13, 4.6.19]. 
Remark 2.7. On the above Proposition, especially if χ is a primitive char-
acter modulo N (i.e. cχ = N) or f ∈ Snewk (Γ0(N), χ), then M = N and f
is a constant multiple of f◦.
By virtue of Proposition 2.6, we define the following quantity
gcd(cf1 , . . . , cfd),
where {f1, . . . , fd} is a basis of Sk(Γ0(N), χ) consisting of Hecke eigenforms
outside N and cf1 , . . . , cfd are those conductors. Then this quantity is de-
termined by Sk(Γ0(N), χ) only, regardless of the choice of such basis. In
fact, let {g1, . . . , gd} be an other basis consisting of Hecke eigenforms out-
side N . For any fi with 1 ≤ i ≤ d, it immediately follows that there exist
some gj with 1 ≤ j ≤ d as gj is equivalent to fi. From Proposition 2.6, this
implies that cfi = cgj . Therefore {cf1 , . . . , cfd} ⊂ {cg1 , . . . , cgd}. Since the
conditions of {f1, . . . , fd} and {g1, . . . , gd} are fair, the opposite inclusion
similarly holds. We call gcd(cf1 , . . . , cfd) the conductor of Sk(Γ0(N), χ) by
abuse of language.
3. Main theorem
Theorem 3.1. Let k, l, λ and µ be positive integers with k = l+λ and λ > 2.
Suppose that the conductor of Skµ(Γ0(N)) is C. For any g ∈ Sl(Γ0(N), χ)
and positive integer M with M | C and gcd(M,N/C) = 1, we have
(3) TrNM ((gEλ,N,χ)
µ) = cM
d∑
i=1
D(kµ− 1, fi, gµEµ−1λ,N,χ)
pikµ〈fi, fi〉 fi,
where cM = 3 · 4−(kµ−1)(kµ − 2)![SL2(Z) : Γ0(M)]−1 and {f1, . . . , fd} is a
unique basis of Snewkµ (Γ0(M)) consisting of primitive forms.
Proof. We first show TrNM ((gEλ,N,χ)
µ) ∈ Snewkµ (Γ0(M)). For simplicity of
description, put f = (gEλ,N,χ)
µ ∈ Skµ(Γ0(N)). Then f is expressed as f =∑r
i=1 cigi for some ci ∈ C by a basis {g1, . . . , gr} of Skµ(Γ0(N)) consisting
of Hecke eigenforms outside N . For each gi with 1 ≤ i ≤ r, it follows from
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Proposition 2.6 that there exist the conductor Ci of gi and the equivalent
primitive form g◦i ∈ Snewkµ (Γ0(Ci)) such that gi =
∑
1≤t|N/Ci
c′t(g
◦
i |kµ Bt) for
some c′t ∈ C, and by the supposition C = gcd(C1, . . . , Cr). Therefore, for
any prime divisor q of M ,
TrMM/q ◦TrNM (gi) =
∑
1≤t|N/Ci
c′tTr
M
M/q ◦ TrNM (g◦i |kµ Bt)
=
∑
1≤t|N/Ci
c′t[Γ0(tCi) : Γ0(N)]Tr
M
M/q ◦TrtCiM (g◦i |kµ Bt)
=
∑
1≤t|N/Ci
c′t[Γ0(tCi) : Γ0(N)]Tr
tCi/q
M/q ◦TrtCitCi/q(g
◦
i |kµ Bt) = 0.
Here the very last equality follows from Lemma 2.5, and Lemma 2.4 by
gcd(t, q) = 1 since gcd(M,N/Ci) is a divisor of gcd(M,N/C) = 1, namely
TrtCitCi/q(g
◦
i |kµ Bt) = (TrCiCi/q(g
◦
i )) |kµ Bt = 0.
Hence
TrMM/q ◦ TrNM (f) =
r∑
i=1
ciTr
M
M/q ◦ TrNM (gi) = 0.
Similarly the following calculation holds:
TrMM/q
(
TrNM (f) |kµ ωM
)
=
r∑
i=1
ci
∑
1≤t|N/Ci
c′tTr
M
M/q
{
TrNM (g
◦
i |kµ Bt) |kµ ωM
}
=
r∑
i=1
ci
∑
1≤t|N/Ci
c′t[Γ0(tCi) : Γ0(N)]Tr
M
M/q
{
TrtCiM (g
◦
i |kµ Bt) |kµ ωM
}
=
r∑
i=1
ci
∑
1≤t|N/Ci
c′t[Γ0(tCi) : Γ0(N)]Tr
tCi/q
M/q
{
TrtCitCi/q(g
◦
i |kµ Bt) |kµ ωM
}
=
r∑
i=1
ci
∑
1≤t|N/Ci
c′t[Γ0(tCi) : Γ0(N)]Tr
tCi/q
M/q
{
(TrCiCi/q(g
◦
i ) |kµ Bt) |kµ ωM
}
= 0.
Again by Lemma 2.5, we obtain TrNM (f) ∈ Snewkµ (Γ0(M)), that is,
(4) TrNM ((gEλ,N,χ)
µ) =
d∑
i=1
c′′i fi, for some c
′′
i ∈ C.
Secondly we express the above c′′i in terms of the Petersson inner product.
For any positive integer n with gcd(n,N) = 1, the Hecke operator T (n)
acting on Skµ(Γ0(M)) is a self-adjoint operator with respect to the inner
product. Therefore, for any j with 1 ≤ j ≤ d we have
cn(fi)〈fi, fj〉 = 〈fi |kµ T (n), fj〉 = 〈fi, fj |kµ T (n)〉 = cn(fj)〈fi, fj〉.
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Here if i = j, then cn(fj) = cn(fj). As mentioned above, the n-th Fourier
coefficient of fρj = fj(−z) is equal to cn(fj). Since fj is primitive at level
M , it is obvious that fρj belongs to S
new
kµ (Γ0(M)) and c1(f
ρ
j ) = 1. Hence we
have fj = f
ρ
j by Proposition 2.6. If i 6= j, we conclude that 〈fi, fj〉 = 0 since
fi 6= fj. As a result, by multiplying (4) by fj,
(5) c′′i =
〈TrNM ((gEλ,N,χ)µ), fi〉
〈fi, fi〉 .
Finally we express 〈TrNM ((gEλ,N,χ)µ), fi〉 in terms of the Rankin-Selberg zeta
function. Since dv(z) is GL+2 (R)-invariant, we have
〈TrNM ((gEλ,N,χ)µ), fi〉
= v(Γ0(M)\H)−1
∫
Γ0(M)\H
TrNM ((gEλ,N,χ(z))
µ)fi(z)(Im(z))
kµdv(z)
= v(Γ0(M)\H)−1
∑
γ∈Γ0(N)\Γ0(M)
∫
Γ0(M)\H
((gEλ,N,χ(z))
µ |kµ γ)fi(z)(Im(z))kµdv(z)
= v(Γ0(M)\H)−1
∑
γ∈Γ0(N)\Γ0(M)
∫
Γ0(M)\H
(gEλ,N,χ(γz))
µfi(γz)(Im(γ z))
kµdv(γz)
= v(Γ0(M)\H)−1
∫
Γ0(N)\H
(gEλ,N,χ(z))
µfi(z)(Im(z))
kµdv(z).
Here the very last equality is due to the disjoint partition
Γ0(N)\H =
⊔
γ∈Γ0(N)\Γ0(M)
γ · (Γ0(M)\H),
and replacing γ z by z. On the other hand, by Lemma 2.1 for s = kµ − 1,
fi ∈ Snewkµ (Γ0(M)) ⊂ Skµ(Γ0(N)) and gµEµ−1λ,N,χ ∈ Skµ−λ(Γ0(N), χ), we have
(4pi)−(kµ−1)Γ(kµ−1)D(kµ−1, fi, gµEµ−1λ,N,χ) =
∫
Γ0(N)\H
fi(z)(gEλ,N,χ(z))
µ(Im(z))kµdv(z),
where note that fi = f
ρ
i . Consequently, it immediately follows that
〈TrNM ((gEλ,N,χ)µ), fi〉(6)
= v(Γ0(M)\H)−1(4pi)−(kµ−1)Γ(kµ − 1)D(kµ − 1, fi, gµEµ−1λ,N,χ).
Combining (6), (5), (4) and v(Γ0(M)\H) = (pi/3)[SL2(Z) : Γ0(M)], we have
the desired equation (3), thereby completing the proof of Theorem 3.1. 
Remark 3.2. On the above proof, note that it was shown that Qfi is
contained in R for any i with 1 ≤ i ≤ d.
Remark 3.3. The weight k is substantially more than 4 and even. The
reason why is that λ is more than 2 and any modular form with the trivial
character of odd weight for Γ0(N) is 0 only.
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4. Application
In this section, we show a generalization of the formula (2) as an appli-
cation of Theorem 3.1, furthermore by adding a certain assumption, derive
the formula (2) from the generalized formula. We first introduce required
knowledge from theory of elliptic curves over number fields.
Let K be an algebraic number field not algebraically closed and satisfying
K ∩ R = Q, and EK an elliptic curve over K defined by the Weierstrass
equation
EK : y
2 + a1xy + a3y = x
3 + a2x
2 + a4x+ a6,
where the coefficients a1, . . . , a6 ∈ K. We regard EK as furnished with the
point at infinity. By the change of variables
X = x+
a21 + 4a2
12
and Y = 2y + a1x+ a3,
the corresponding Weierstrass canonical form is
E : Y 2 = 4X3 − g2X − g3.
Here, there are relations among the coefficients of EK and E as follows:
12g2 = (a
2
1 + 4a2)
2 − 24(a1a3 + 2a4),
216g3 = −(a21 + 4a2)3 + 36(a21 + 4a2)(a1a3 + 2a4)− 216(a32 + 4a6).
Note that g2, g3 ∈ K with g32−27g23 6= 0, and these are uniquely determined
by EK . Hence from the beginning, we may assume that EK is given by a
Weierstrass canonical form. Now the J-function is defined by
J : SL2(Z)\H −→ C as J(z) = 12
3g2(z)
3
g2(z)3 − 27g3(z)2 ,
where
g2(z) = 60
∑
(m,n)∈Z2
(m,n)6=(0,0)
(mz + n)−4 and g3(z) = 140
∑
(m,n)∈Z2
(m,n)6=(0,0)
(mz + n)−6.
Let L be a lattice of C, namely L = Zω1 + Zω2 with ω1/ω2 ∈ H. We put
g2(L) = g2(ω1, ω2) = ω
−4
2 g2(ω1/ω2), g3(L) = g3(ω1, ω2) = ω
−6
2 g3(ω1/ω2).
Since the J-function is a bijection from SL2(Z)\H to C, for g2, g3 ∈ K with
g32 − 27g23 6= 0, there exists a lattice L such that g2(L) = g2 and g3(L) = g3.
In other words, for an elliptic curve E over K defined by a Weierstrass
canonical form, there exists a lattice L such that E = EL, where
EL =
{
(x, y) ∈ C2 | y2 = 4x3 − g2(L)x− g3(L) with g2(L)3 − 27g3(L)2 6= 0
}
.
Moreover the Weierstrass ℘-function related to L
℘(z;L) = z−2 +
∑
ω∈L\{0}
{
(z − ω)−2 − ω−2} for any z ∈ C,
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which induces the analytic group-isomorphism
C/L −→ EL by z 7−→ (℘(z;L), ℘′(z;L)),
where the base point 0 corresponds to the point at infinity. As a result, we
see that for a given elliptic curve EK , there is a lattice L = Zω1 + Zω2 as
EK ≃ C/L, and that
J(ω1/ω2) =
123g2(L)
3
g2(L)3 − 27g3(L)2 =
123g2
3
g23 − 27g32 ∈ K,
that is, the J-invariant of EK belongs to K.
Here we define the algebraic numeber field KN , which is a subfield of the
field over K of N -division points of EK , by
KN = K(J(ω1/ω2), J(Nω1/ω2)).
Especially when N = 1, note that K1 = K.
For any positive integer M dividing N , put a lattice LM containing L as
LM = Zω1 + Zω2/M . Then LM/L is a cyclic subgroup of C/L with order
M . We denote by SM the embedding of LM/L into EK .
Let us consider the specialization of modular forms for Γ0(M) at a pair
(EK , SM ); for any f ∈ Gk(Γ0(M)) with a positive integer k, the value
(2pi/ω2)
kf(ω1/ω2)
is dependent on a pair (EK , SM ) only, that is, it is independent of the
choice of bases (ω1, ω2) and (ω1, ω2/M) of L and LM . In fact, let (ω
′
1, ω
′
2)
and (ω′1, ω
′
2/M) be another such bases. Then it immediately follows that
t(ω′1, ω
′
2) = γ
t(ω1, ω2) for some γ ∈ Γ0(M). Therefore we conclude that
(2pi/ω′2)
kf(ω′1/ω
′
2) = (2pi/ω2)
kf(ω1/ω2).
Remark 4.1. If (E′K , S
′
M ) is equivalent to (EK , SM ), then it holds that
ω′1/ω
′
2 = γω1/ω2 for some γ ∈ Γ0(M), where (ω′1, ω′2) and (ω1, ω2) are bases
of the lattices corresponding E′K and EK respectively. Hence we have
ω′2
k
(2pi/ω′2)
kf(ω′1/ω
′
2) = (cω1 + dω2)
k(2pi/ω2)
kf(ω1/ω2),
where (c, d) is the second row of γ. That is, the value (2pi/ω2)
kf(ω1/ω2) is
not uniquely determined for the equivalence class of a pair (EK , SM ).
On the other hand, the transformation polynomial for g ∈ Gk(Γ0(N)) to
level M is defined by
ΦNM (X; g) =
∏
γ∈Γ0(N)\Γ0(M)
(X − g |k γ) =
µ(M,N)∑
i=0
(−1)isi(g)Xµ(M,N)−i,
where µ(M,N) = [Γ0(M) : Γ0(N)] and the coefficient si(g) is the elementary
symmetric polynomial of degree i with respect to {g |k γ ; γ ∈ Γ0(N)\Γ0(M)}.
It is easy to see that si(g) belongs to Gki(Γ0(M)). The equation Φ
N
M(X; g) =
0 is so called the transformation equation for g to levelM . This notion is also
defined for meromorphic modular forms. In particular, put JN (z) = J(Nz),
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then ΦN1 (X;JN (z)) = 0 is classically called the modular equation of level
N . By the reason mentioned above, we define the specialization of modular
forms for Γ0(M) at (EK , SM ) as follows:
Definition 4.2. Let k, M be positive integers with M | N . Suppose that
EK ≃ C/L and SM ≃ LM/L with L = Zω1+Zω2 and LM = Zω1+Zω2/M .
For any f ∈ Gk(Γ0(M)) and g ∈ Gk(Γ0(N)),
f((EK , SM )) = (2pi/ω2)
kf(ω1/ω2),
ΦNM(X; g, (EK , SM )) =
µ(M,N)∑
i=0
(−1)isi(g)((EK , SM ))Xµ(M,N)−i.
Especially whenM = 1, we simply write f(EK) instead of f((EK , S1)) since
it depends on EK only.
Let us take the following modular group
Γ1(N) =
{(
a b
c d
)
∈ Γ0(N)
∣∣∣∣ a ≡ d ≡ 1 (mod N)
}
.
Then Sk(Γ1(N)) and Gk(Γ1(N)) are expressed as follows:
Sk(Γ1(N)) =
⊕
χ
Sk(Γ0(N), χ) and Gk(Γ1(N)) =
⊕
χ
Gk(Γ0(N), χ),
where χ runs over all Dirichlet characters modulo N . According to this fact,
we see that a basis of Sk(Γ1(N)) and Gk(Γ1(N)) consists of the bases of
all Sk(Γ0(N), χ) and Gk(Γ0(N), χ), respectively. The following Proposition
assures the existence of a basis of Sk(Γ1(N)) consisting of members with
rational Fourier coefficients at ∞.
Proposition 4.3 (cf. [Sh94, Theorem 3.52.]). Let Γ be a modular group
such as Γ1(N) ⊂ Γ ⊂ Γ0(N). If l ≥ 2, then Sl(Γ ) has a basis consisting of
cusp forms with Fourier coefficients at ∞ of rational integers.
Let Sk(Γ0(N), χ;K) and Gk(Γ0(N), χ;K) denote the K-linear subspace
of Sk(Γ0(N), χ) and Gk(Γ0(N), χ) consisting of all elements with K-rational
Fourier coefficients, respectively. For any even integer l with l ≥ 4, we may
take the basis {h1, . . . , hd} of Gl(SL2(Z);Q) as follows: let (a, b) be a unique
pair of non-negative integers satisfing 4a + 6b = l − 12(d − 1). For any j
with 1 ≤ j ≤ d,
hj(z) = E4,1(z)
aE6,1(z)
b+2(d−j)
{
(2pi)−12∆(z)
}j−1
(7)
=
∞∑
i=0
ci(hj)q
i, q = exp(2piiz),
where it is obvious by difinition that ci(hj) ∈ Q especially ci(hj) = 1 or 0
for i = j − 1 or i < j − 1, respectively, and ∆ is the discriminant function
∆(z) = g2(z)
3 − 27g3(z)2 = (2pi)12q
∞∏
n=1
(1− qn)24.
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Then for EK ≃ C/L with L = Zω1 + Zω2, the following equalities hold:
E4,1(ω1/ω2) = 12(2pi/ω2)
−4g2(L), E6,1(ω1/ω2) = 216(2pi/ω2)
−6g3(L),
(2pi)−12∆(ω1/ω2) = (2pi/ω2)
−12
{
g2(L)
3 − 27g3(L)2
}
.
Therefore we have
(2pi/ω2)
lhj(ω1/ω2) = {12g2(L)}a{216g3(L)}b+2(d−j)
{
g2(L)
3 − 27g3(L)2
}j−1∈ K.
Remark 4.4. For any f ∈ Gl(Γ0(N);K), the value (2pi/ω2)lf(ω1/ω2) be-
longs to KN . In fact, we take any member hj of the basis (7) and put
ϕj = f/hj ∈ K(J, JN ). Then, since (2pi/ω2)lhj(ω1/ω2) ∈ K,
(2pi/ω2)
lf(ω1/ω2) = (2pi/ω2)
lhj(ω1/ω2)ϕj(ω1/ω2) ∈ KN .
Let Pk(Γ0(N)) denote the subset of S
new
k (Γ0(N)) consisting of all primi-
tive forms and {f1, . . . , fd} be a unique basis of Snewk (Γ0(N)) consisting of
primitive forms. Then it is easy to see that Pk(Γ0(N)) = {f1, . . . , fd}. We
define Aut(C)-action on Gk(Γ0(N)) by f
σ which means that σ ∈ Aut(C)
acts on all the Fourier coefficients of f ∈ Gk(Γ0(N)). Then Pk(Γ0(N)) is sta-
ble under this action. The following result is concerned with the algebraicity
of the special values of the Rankin-Selberg zeta function.
Proposition 4.5 (cf. [Sh76, Theorem 3]). Let k, l be positive integers with
k > l and f a primitive form of Sk(Γ1(N)), g an element of Gl(Γ1(N)). For
any integer m with 2−1(k + l − 2) < m < k,
the value
D(m, f, g)
pik〈f, f〉 belongs to QfQg.
Moreover, for every σ ∈ Aut(C), we have{
D(m, f, g)
pik〈f, f〉
}σ
=
D(m, fσ, gσ)
pik〈fσ, fσ〉 .
A generalization of the formula (2) is now stated as follows:
Corollary 4.6. Let k, l, λ, µ and M be taken as Theorem 3.1, and fur-
thermore {f(1), . . . , f(w)} a complete set of representatives for Aut(C)-orbits
of Pkµ(Γ0(M)). Suppose that Eλ,N,χ has all the Fourier coefficients in K,
g ∈ Sl(Γ0(N), χ;K) and EK ≃ C/L with L = Zω1 + Zω2 satisfying the
following two conditions:
(A) ΦNM (X; gEλ,N,χ, (EK , SM )) ∈ KM [X] is irreducible over KM .
(B) KM ∩Qf(i) = Q for any i with 1 ≤ i ≤ w.
Then we have
TrKN/KM
{
(2pi/ω2)
kgEλ,N,χ(ω1/ω2)
}µ
= cM
w∑
i=1
TrQf(i)KM/KM
{
D(kµ− 1, f(i), gµEµ−1λ,N,χ)
pikµ〈f(i), f(i)〉
(2pi/ω2)
kµf(i)(ω1/ω2)
}
.
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Proof. Put Pkµ(Γ0(M)) = {f1, . . . , fd}. From Theorem 3.1, we have
TrNM ((gEλ,N,χ)
µ) = cM
d∑
n=1
D(kµ− 1, fn, gµEµ−1λ,N,χ)
pikµ〈fn, fn〉 fn(8)
= cM
w∑
i=1
d/w∑
j=1
D(kµ− 1, f(i)σi,j , gµEµ−1λ,N,χ)
pikµ〈f(i)σi,j , f(i)σi,j 〉
f(i)
σi,j ,
where fn = f(i(n))
σi(n),j(n) for some σi,j ∈ Aut(C/Qf(i))\Aut(C), namely
{f1, . . . , fd} =
w⊔
i=1
{
f(i)
σi,1 , . . . , f(i)
σi,d/w
}
,
where let σi,1 be the identity map. Then, since
Aut(C) = Aut(C/Qf(i) ∩KM ) = Aut(C/Qf(i))Aut(C/KM ) by (B),
we may choose all representatives of Aut(C/Qf(i))\Aut(C) from Aut(C/KM ).
By Proposition 4.3, there is a basis {p1, . . . , pd} of Snewkµ (Γ0(M)) consisting of
members with rational Fourier coefficients. Then f(i)
σi,j =
∑∞
s=1 cs(f(i)
σi,j )qs
is expressed by this basis:
f(i)
σi,j =
∞∑
s=1
cs(f(i)
σi,j )qs =
d∑
t=1
atpt =
d∑
t=1
∞∑
s=1
atcs(pt)q
s for some at ∈ C,
where cs(pt) ∈ Q for all s, t. By comparing the coefficient of qs, we have
cs(f(i)
σi,j ) =
∑d
t=1 atcs(pt), and by arranging c1(f(i)
σi,j ), . . . , cd(f(i)
σi,j ) to
the column vector, the following linear equality is obtained:

c1(f(i)
σi,j )
...
cd(f(i)
σi,j )

 =


c1(p1) . . . c1(pd)
...
. . .
...
cd(p1) . . . cd(pd)




a1
...
ad

 .
Since p1,. . . ,pd are C-linear independent, the above matrix (cs(pt)) belongs
to GLd(Q). Therefore we have at ∈ Qf(i)σi,j for any t with 1 ≤ t ≤ d, and
by Remark 4.4 we conclude that
f(i)
σi,j ((EK , SM )) =
d∑
t=1
atpt((EK , SM )) ∈ Qf(i)σi,jKM .
Moreover since at is a Q-linear combination with respect to
{
cs(f(i)
σi,j )
}d
s=1
,
for any τ ∈ Aut(C/KM ),
f(i)
σi,j ((EK , SM ))
τ =
d∑
t=1
at
τpt((EK , SM )) = f(i)
σi,jτ ((EK , SM )).
Then we specialize the equation (8) at (EK , SM ):
TrNM ((gEλ,N,χ)
µ)(EK , SM )
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= cM
w∑
i=1
d/w∑
j=1
D(kµ− 1, f(i)σi,j , gµEµ−1λ,N,χ)
pikµ〈f(i)σi,j , f(i)σi,j 〉
f(i)
σi,j ((EK , SM )) = cM
w∑
i=1
d/w∑
j=1
ξf(i)
σi,j ,
where put ξf(i)
σi,j =
D(kµ− 1, f(i)σi,j , gµEµ−1λ,N,χ)
pikµ〈f(i)σi,j , f(i)σi,j 〉
f(i)
σi,j ((EK , SM )).
Since gµEµ−1λ,N,χ has all the Fourier coefficients in K, by Proposition 4.5 we
have ξf(i)
σi,j ∈ Qf(i)σi,jKM and for any τ ∈ Aut(C/KM ),
ξf(i)
σi,j
τ = ξf(i)
σi,jτ ∈ {ξf(i)σi,j }
d/w
j=1.
Therefore we eventually have
{ξf(i)τ ; τ ∈ Aut(C/KM )} = {ξf(i)σi,j }
d/w
j=1, that is,∑d/w
j=1 ξf(i)
σi,j = TrQf(i)KM/KM
(ξf(i)). On the other hand, by definition,
TrNM ((gEλ,N,χ)
µ)(EK , SM ) =
∑
γ∈Γ0(N)\Γ0(M)
{
(2pi/ω2)
k gEλ,N,χ
}µ∣∣∣
kµ
γ (ω1/ω2) .
Here
{
(2pi/ω2)
kgEλ,N,χ(ω1/ω2)
}µ
belongs to KN by Remark 4.4, and more-
over by (A), all KM -isomorphisms of KN into C are given by all elements
of Γ0(N)\Γ0(M). Hence we have∑
γ∈Γ0(N)\Γ0(M)
{
(2pi/ω2)
k gEλ,N,χ
}µ∣∣∣
kµ
γ (ω1/ω2) = TrKN/KM
{
(2pi/ω2)
kgEλ,N,χ(ω1/ω2)
}µ
.
This proves our Corollary. 
Remark 4.7. On the above proof, it immediately follows that {ξf(i)σi,j }
d/w
j=1
is stable under Aut(C/KM ). Therefore F (X) =
∏d/w
j=1(X − ξf(i)σi,j ) belongs
to KM [X]. Moreover, since ξf(i)
σi,j 6= ξf(i)σi,j′ for any j 6= j
′, we conclude
that F (X) is irreducible over KM , namely Qf(i)KM = KM (ξf(i)) and the
dimension of Qf(i)KM over KM is d/w.
Remark 4.8. If the algebraic number field K is algebraically closed, then
(A) does not hold, namely ΦNM(X; gEλ,N,χ, (EK , SM )) ∈ KM [X] is reducible
over KM for any g, EK . Furthermore if K ∩ R 6= Q, then (B) generally
does not hold by Remark 3.2. For these reasons, we supposed that K is
not algebraically closed and satisfies K ∩R = Q. Meanwhile, we see that
(A), (B) hold whenever take g, EK : y
2 = 4x3 − g2x − g3 such as g ∈
Sl(Γ0(M), χ;K) ⊂ Sl(Γ0(N), χ;K), g2g3 6= 0 and J(Mω1/ω2) ∈ Qf(i) for
any i with 1 ≤ i ≤ w.
We specialize to M = 1, K = Q and χ is trivial. Let us assume the fol-
lowing, which is concerned with the number of Aut(C)-orbits of Pk(SL2(Z)):
Conjecture 4.9 (Maeda’s conjecture). There is only one Aut(C)-orbit of
Pk(SL2(Z)) for all integers k with 12 ≤ k.
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At least, for not so large k, it is verified by calculations that this assertion
holds true (cf. e.g. [FJ02]). Now on Corollary 4.6, we have the formula (2)
by putting w = 1 as follows:
Corollary 4.10. Let k, l, λ and µ be taken as Theorem 1.1. Suppose
that g ∈ Sl(Γ0(N);Q) and EQ ≃ C/L with L = Zω1 + Zω2 satisfying the
following condition:
(A) ΦN1 (X; gEλ,N ,EQ) ∈ Q[X] is irreducible over Q.
If Maeda’s Conjecture holds true, then we have
TrQN/Q
{
(2pi/ω2)
kgEλ,N (ω1/ω2)
}µ
= c1TrQf/Q
{
D(kµ − 1, f, gµEµ−1λ,N )
pikµ〈f, f〉 (2pi/ω2)
kµf(ω1/ω2)
}
,
where f is any element of Pkµ(SL2(Z)).
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